An insurer's ability to accurately estimate the accumulation of risk, particularly in the right hand tail, is vital in ensuring that his risk appetites matches his risk exposures. This paper, therefore, focuses on the modeling of the extremal dependence structure between insurance risks using the Generalized Pareto distribution and the copula technique. The results obtained after comparing the dependence between large losses from two lines of business (motor and fire) of the Nigerian insurance industry and two specific non-life insurance companies, indicates that the correlation coefficients vary and is generally weak. With the aid of the archimedean copula, the analysis makes use of the data pair exhibiting the highest correlation to draw particular attention to the importance of taking into account the extremal dependence structure when quantifying the risk capital, allocating risk and when estimating the net reinsurance premium under different reinsurance strategies.
Introduction
When we consider more than one extremal event of interest, it is most often not a true reflection of reality to assume that the events are independent. Risk dependency can be seen between individual risks within each insurance portfolio and across lines of business (LoB) (Gildas, 2016) . According to Li (2006) , there are two broad sources of dependency between LoB -inherent dependency and other dependency. The inherent dependency is driven by factors such as inflation, interest rate, exchange rate, economic cycles and weather patterns. The other dependency arises as a result of the practices implemented by the insurer across its various LoB. Similar reserving methods and claims management procedures applied to different LoB are a few examples of such practices. Isaacs (2003) emphasizes the need for the insurer to properly account for dependence between risks stating that it can lead to inappropraite risk strategies as the insurer may be lulled to believe that he is less risky than he actually is.
In this article, the tail dependence structure of large losses from the motor and fire insurance portfolios are evaluated. Using the copula model, the aggregation of risks which is an important factor in the determination of the capital requirement for both the insurer and the reinsurer, is addressed. The reason for choosing the motor and fire portfolios stem from the fact that in Nigeria, cases exist where truck tanks carrying flammable products, have collided with other cars leading to multiple motor accidents and fire explosions. A recent example occured in Lagos at the Odetola bridge where over 50 vehicles were burnt including lives lost due to a fuel tanker that had rammed into another car, skidded off the road, emptied its content on the ground and exploded (Ibrahim, 2018) . Another event that could lead to motor and fire risks being dependent is the act of terrorism especially in crisis-ridden areas. There are situations were vehicles are shot at, some are battered and some are set ablaze. All these lead to car crashes, people injuries and burns. Thus, there is the need to evaluate and model the tail dependence structure of these losses in order to obtain more accurate inferences.
Using copulas, Frees and Valdez (1998) studied the dependence between liability insurance losses and allocated loss adjustment expenses (ALAE). Varying the insurer's retention at different values, they computed the reinsurance premium. Depuis and Jones (2006) used the same method and data to model the dependence of the joint upper tail of the distribution. Simulated hurricane losses in two U.S. states were investigated by Venter (2002 Tang and Valdez (2006) . To the best of the author's knowledge, there has been no study making use of African data that evaluates the extremal dependence structure of multiple lines of insurance claims and assesses its impact on reinsurance premium. This is the first research work done in this regard.
The structure of the paper is as follows -important copula concepts are presented along with the basic theory underlining the generalized Pareto distribution (GPD) in section 2. In section 3, the strength of the dependence for the three data pairs of losses (motor and fire) are analyzed. Illustrating using the motor and fire loss pair exhibiting the highest correlation, section 4 studies the impact of tail dependence on risk capital quantification and risk allocation. With the aid of stochastic simulation, section 5 focuses on estimating the net reinsurance premium under different reinsurance treaties in the presence of dependent risks and in each case, compares the results with those obtained when the risks are assumed to be independent. A summary of the analysis is presented in section 6 together with pathways to related future ideas.
Extremes and Tail Dependence
This section reviews some basic concepts underlying the GPD and copulas. Tail dependence and some of the methods that can be used to estimate it are discussed. Then, the section is concluded with a description of the selected techniques for the application.
The Generalized Pareto distribution
This is one of the more common techniques used in the EVT field for correctly choosing the data that lies in the extremes. Pickands (1975) developed the method.
Suppose X 1 , X 2 , ... is a sequence of independent random variables (in this paper, it represents claims) with common distribution function F and
where (a n ) n≥0 > 0 and (b n ) n≥0 are sequences of constants.
G, the Generalized Extreme Value distribution, is a non-degenerate distribution function given as
for some µ, σ > 0 and ξ. For a large enough threshold, u, the distribution function of X conditional on X > u can be approximated by
where
H(y) is the GPD with the modified scale parameter σ u = σ + ξ(u − µ) corresponding to the excess of u. z + = max{z, 0}
For all cases, the GPD is given as
The Concept of Tail Dependence
Generally, dependence between two random variables X and Y , imply that there is some kind of relationship between the variables. This implies that when we have information on X we can say something about the Y variable. Specifically, tail dependence focuses on the likelihood of one extreme event or a series of extreme events giving rise to another extreme event. Hence, according to Shaw et al. (2012) , we are able to model the dependency between risks conditional on the underlying values of the risks themselves. Given that dependencies create riskier worlds, it is important to understand how the changes in an economy affect the dependency structure of risks and by extension, the economic capital of a firm. This will help in the evaluation of the amount of loss we may experience under very bad economic conditions versus under normal conditions.
Tail Dependence Coefficient (TDC)
This is a copula-based parameter developed by Ledford and Tawn (1996) which is defined as the probability that one risk variable X i takes an extreme value assuming that another risk variable X j also takes on an extreme value at the same probability level. Given the two dimensional random vector (X i , X j ) with marginal distribution functions F i and F j , then the coefficient of upper tail dependence λ u and lower tail dependence λ l of (X i , X j ) respectively are:
provided that the limit exists in both cases. j (u) are the quantiles of risks X i and X j at level u. If C is the copula of (X i , X j ) andC is the survival copula, we can represent λ u and λ l in terms of the copula function.
Therefore, in general, we would have to use copulas with a higher tail dependence parameter if the variables are a lot more dependent than in a normal situation.
Measures of Tail Dependence
Traditionally, the linear (Pearson) correlation coefficient is used to describe the dependence between risks. Shaw et. al. (2012) argue that this measure falls short when we want to measure tail dependence because it does not represent all the possible relationships between risks. Moreover there is the need to understand the nature of the dependence structure. Other drawbacks of the Pearson correlation coefficient include the fact that it measures linear dependence and the assumption that must be satisfied by the random variables i.e. normally distributed. The Spearman rho and Kendall tau measures are better than the Pearson. More accurate measures have been developed to model tail dependence and compute the tail dependence coefficient.
Copulas
A copula C is a joint distribution function of standard uniform random variables
where U i = U (0, 1) for i = 1, ..., n. Copulas allow one to characterize the dependence structure of a set of random variables separately from the marginal distributions.
Sklars theorem: This theorem forms the foundation for the use and application of copulas. Let F be the joint distribution function of the random variables X 1 , ..., X n with continuous marginal distribution functions
Then, there exists a unique copula function C given by
The quantile function F
Furthermore, the survival copula denoted asC is defined as,
In this study we will focus on the bivariate case. Thus for two random variables X 1 and X 2 , the copula is a parameterization of the joint cumulative distribution function
and the survival function can be expressed as
It should be noted thatC is also a copula. It can also be used to model the dependence structure of two or more random variables. In this case it is termed the 'associated' copula. In general, though copulas are used to model the dependence structure of the whole distribution, it is also used to model tail dependence. The Archimedean and EV copulas are useful in this regard.
Families of copulas i. Elliptical copulas This family consists of the bivariate normal and bivariate t copulas. The formula for the bivariate normal copula is
Where Φ ρ is the standard normal distribution function for the bivariate case, having linear correlation ρ. Φ −1 is the inverse of the standard normal distribution function.
ii. The Archimedean copulas This family of copulas is very useful when modeling tail dependence on one side, for instance, the upper tail dependence. The general representation is given by
The generator, ϕ : (0, 1] → [0, ∞) is a strictly decreasing convex function with ϕ(1) = 0. We assume that ϕ −1 (t) = 0 for all t ≥ lim u↓0 {ϕ(u)}. Some well-known copulas in this family are the Clayton, Gumbel and Frank copulas.
iii. Extreme value copulas For an independent and identically disributed (iid) sequence of random variables, the bivariate extreme value (BEV) copula come into play when we focus on the limit distribution of linearly normalized component wise maxima. It is represented by the formula:
H is a distribution function with support in [0, 1] and mean 1 2 . The main limitation with the BEV copulas is that it cannot capture dependence structures that exhibit dependence at extreme values but independence in the limit (Depuis and Jones, 2006) . For an in-depth review on copulas see Frees and Valdez (1998) 
and Embrechts et.al. (2003)
Archimedean copulas for insurance claims The most common Archimedean copulas are employed to compute the extremal dependence between two classes of insurance claims-auto and fire. That is, it is assumed that the portfolio is made up of these two classes of risks. The Archimedean copulas are used because we are particularly interested in understanding the dependence structure of two random variables in one region i.e. the joint upper tail. We will compare the results obtained with that from theindependence assumption to highlight the importance of incorporating tail dependence when modeling dependent insurance losses.
Clayton copula:
Gumbel copula:
Frank copula:
−∞ < θ < ∞ and the generator is ϕ(t) = log
In this paper, only the Clayton and Gumbel copulas are used in the example.
Aggregation of risks
Two random variables X i ∼ F i i = 1, 2 are considered. F i = F , the marginal distribution function, is known. In this case, it is the GPD. X i represents seperate classes of business that are correlated. If we set X 1 as X and X 2 as Y the the aggregate homogenous portfolio is given as
The joint distribution of (X, Y ) is also specified. Thus we can uniquely determine the risk measures of the aggregate portfolio.
Reinsurance premiums
The XL reinsurance, stop loss (SL) reinsurance and a mix of both reinsurances are considered in this study. The XL reinsurance which is aggregation at individual risk level is represented as
+ while SL, aggregation at portfolio level, is given as
where r > 0 is the retention level. X i and Y i represent motor and fire losses respectively.
XL reinsurance differs from SL in that in the XL puts a limit on the losses on each individual sum risk. SL on the other hand, puts a limit on the losses for the entire period say, a year.
Risk measures
To ensure that a firm continues operating under a worst-case scenario, the economic capital is the amount of capital that the firm must hold. A common way to determine this is by estimating the VaR at a remote probability, p. Other risk metrics that can be used to determine the economic capital include tail VaR (TVaR), excess TVaR (XTVaR) and expected policyholder (EPD).
Closely-related to TVaR is XTVaR given as TVaR minus the mean. In this case we assume that the mean is already financed by some other funding, thus we only need capital for the losses that exceed the mean.
Assuming the capital is set at VaR, EPD is then defined as the expected value of defaulted losses. That is,
EPD estimate is of importance to the policyholder because the policyholder is expected to bear the amount of loss in the situation where the insurer defaults on payment.
Bivariate Analysis
Data is obtained from Nigerian Insurance Commission (NAICOM). Specifically, from the Nigeria Insurance digest for the years 2013, 2014, 2015 and 2016 available at www.naicom.gov.ng. Data that is not made freely available on the website can be obtained (with little charge) upon request from NAICOM. The large claims (3.5 million naira and above) are considered for years 2013 to 2016. First, the correlation between the individual losses for the industry-wide data and data from the Custodian and American International Insurance Company Limited (AIICO) are evaluated. Then, the pair with the highest correlation is used for illustrative purposes.
Nonlinear correlations
The dependence between motor and fire losses for the Nigerian insurance industry is positive but lower than that of AIICO ( Table 1 ), while that of the Custodian insurer is negative. The dependence structure varies from negative to positive correlations although the dependence is generally weak . 
Illustrative example
Amongst the selected insurers, the losses from AIICO exhibits the highest correlation (Table 1) . Thus it is used to illustrate the impact of dependency on some quantities that are of interest to the insurer. The four year data is made up of 132 losses for each risk. Summary statistics for both risks are provided in Table 2 . Comparing AIICO's losses to that of the industry we can see that the minimum motor loss for AIICO is actually the minimum for the insurance industry. In addition, the maximum fire loss for the industry is much higher than that of the motor although there is not much difference in the case of AIICO.
The rank transform plot ( Figure 1 ) displays a distinct lack of data points in the upper-left (especially) and lower-right corners of the plot, although a general weak dependence can be observed. This indicates that the probability of a small fire claim accompanying a large motor claim and vice versa is low. In other words, the likelihood is higher for large losses or quantiles of motor to follow large losses or quantiles of fire and vice versa. From the mep (Figure 2 ), it can be seen that the same threshold of 4e6 is Two bivariate distributions are created using the GPD parameters (Table 3) and each of the selected copulas, then data is simulated from the distributions. For both the MLE and IFM rows in each case, the first line involves the Clayton copula while the second line is when the Gumbel is applied. The results indicate that the choice of the dependency structure plays an important part in the estimation of the bivariate distribution parameters. Though the values are similar under the MLE, there is a noticeable difference in the case of the IFM method.
Quantifying Risk Capital and Allocating Risk
The first six (of a thousand) entries of the simulated data used in each case (dependent and independent) to quantify the risk capital, allocate risk and compute the reinsurance premium is shown in Tables 5 and 6 . Aggregate losses in each line follows a GPD with the parameters given by the MLE estimated parameters. For the dependent case, the Clayton and Gumbel copulas are included in the model while the independence assumption is replicated by simply removing the copula dependency structure from the model. The density plots for the both the independent and dependent (Clayton) cases look very much alike except at the tails (Figure 3) . A noticeable difference can be seen at the points where the arrow is ponting at. The density function at this point is smoother with a slight bulge for the dependent case than that of the independent case which exhibits a slightly roughened edge. This is clearly depicted in the histograms below (Figure 4 ). The VaR, TVaR, XTVaR and EPD risk measures are evaluated (Table 7) . It is observed that when the tail dependence structure is quantified using the Gumbel copula, the risk measure estimates are all higher than in the case of the independence assumption . For the case of the Clayton copula, it is also generally higher for all other risk measures with the exception of the EPD risk is lower for for extreme quantiles when compared to the case of independence. In literature it has been shown that dependence among LoB increases the risk of the aggregate portfolio (see Cerchiara and Acri, 2016; Arachi and Belkacem, 2014). This is confirmed by the Clayton (V aR 0.97 being an exception) and Gumbel copulas (Table 7) . Overall, less capital will be reserved when dependence is disregarded and this can lead to unanticipated solvency problems for the insurer. Another observation is that the VaR of the aggregate portfolio differs (is lower) from that of the sum of the individual losses and the difference widens at higher quantiles (Table 8) .
As an example, TVaR is allocated among LoB, given that it is a more useful risk measure than VaR (see Embrechts et al. 2014 ). The proportion of risk allocated to motor is computed using the simple formula Fire is calculated in a similar way or we simply subtract allocation for motor loss from one. Allocating risk to different LoB is very useful to the insurer as it helps him to be able to set capacity controls, for example, premium targets and limits for each business unit. It also enables him to allocate capital that is in proportion to the specified risk measure. If independence between the loss variables is assumed when losses are actually correlated, the insurer will be led by this wrong assumption to allocate much more capital to motor claims instead of fire claims since the result indicates that the motor claims carry more weight when independence is assumed (Table 9 ). In addition, an increasing trend can be noticed under the independence hypothesis while a decreasing trend is observed when tail dependence is accounted for. The choice of copula also affects the value of the estimate of the allocated risk.
Premium Valuation
In this section, 4 possible reinsurance treaties are considered under both the dependence and independence assumptions. They are as follows:
Option 1 No reinsurance treaty.
Option 2 Individual XL for each loss exceeding the specified layers.
Option 3 Mixed reinsurance treaty. Two cases are considered.
Case 1 -motor has proportional treaty covering 70% of the specified layers while fire has an aggregate XL treaty covering same layers. Case 2 -fire has proportional treaty covering 70% of the specified layers while motor has an aggregate XL treaty covering same layers.
Option 4 Stop loss reinsurance covering the whole portfolio at the specified layers.
Only limited covers are considered for the three different layers in options 2 to 4. The layers represent millions of naira. The stability of the result is quantified using standard error (SE) which can be seen in the braces.
The impact of the choice of copula is made visible from the results displayed on Table 11 . In general, when the independent case is compared to dependent case, the difference between the reinsurance premium estimates in each case is not much. Additionally, if the dependence structure is specified using the Gumbel copula the reinsurance net premium is higher than in the clayton example. The SE also follows the same trend. For option 3, case 2 reports a lower net premium and SE than case 1. The reinsurance net premiums across the options indicate that option 3 case 2 gives the insurer the opportunity to pay the lowest premium along with the lowest SE while the highest premium to be paid occurs when option 2 is chosen. In a situation where the insurer decides not to take up reinsurance, the uncertainty associated with the mean aggregate claim shoots up (Table 10) . A suprising find is observed under the mixed treaties and stop loss reinsurance (both independent and dependent assumptions). Here, the layer (30,50] is generally lower than the (50,100] layer with a much higher SE. This does not fall in line with the known fact which is, the higher the retention layer, the lower the reinsurance premium. This fact is only broadly confirmed under the individual XL reinsurance structure.
Eling and Toplek (2009) performed a similar analysis where they integrated several copula models and reinsurance contracts. Their simulation study revealed large differences in risk assessment under different copulas and reinsurance treaties. A similar situation is noted in this paper. Although the introduction of nonlinear dependencies led to a higher number of large losses in their analysis for all copulas when compared to the independent case, the situation differs a bit in this study given that both higher and lower losses are experienced when different copulas are employed. A point of note is that they focus on the expected gain of the insurer under the different reinsurance contracts while the focus here is on the expected losses above specified retention levels. Dhane and Goovearts (1996) showed that stop loss premium is higher when dependence is accounted for than under the independence assumption. In this study, the situation depends on the selected dependence structure. Gildas (2016) studied loss ALAE claims and generally noted that the portfolio is less risky when independence is assumed. This find is confirmed true for a portfolio incorporating option 1 in this research (table 10 ). An interesting point raised in his study was that as the retention level is increased, the reinsurance premium for the XL treaty under different copula models tend to the estimates obtained under the independent assumption and that of the stop loss reinsurance deviates more from the independence results as deductible increases. In contrast, the result here shows that the reinsurance premiums under the copula models are much closer to the independent estimates when the lowest retention level is considered (Table 11 ).
Conclusion
A homogenous portfolio consisting of the aggregate bivariate losses from the Nigerian insurance sector was analyzed. The techniques employed were GPD and copulas. This paper showcased the impact of tail dependence on risk measures, risk allocation and reinsurance net premium. When losses are correlated, the value of the risk measure is increased and risk allocation is also affected. The choice of copulas also plays a major role as we can see reinsurance premium generally being lower than (in the case of the Clayton copula) and higher (in the case of the Gumbel copula) than the reinsurance premium obtained under the independent hypothesis. A related problem would be to look at the inhomogeneous case where the F i 's are not necessarily the same. Another subject of investigation is dependence uncertainty which is a situation whereby the marginal distributions are fixed and known but the joint model is unspecified.
